Neutron stars and quark stars are not only characterized by their mass and radius, but also by how fast they spin, through their moment of inertia, and how much they can be deformed, through their Love number and quadrupole moment. These depend sensitively on the star's internal structure, and thus on unknown nuclear physics. We find universal relations between the moment of inertia, the Love number and the quadrupole moment that are independent of the neutron star's and quark star's internal structure. These can be used to learn about the deformability of these compact objects through observations of the moment of inertia, break degeneracies in gravitational wave detection to measure spin in binary inspirals and test General Relativity in a nuclear-structure independent fashion.
Introduction. One of largest uncertainties in nuclear physics is the relation between energy density and pressure at very high densities, the so-called equation of state (EoS). The interior structure of very compact stars, like neutron stars (NSs) and quark stars (QSs), depends sensitively on their EoS. This, in turn, also determines their exterior properties, such as their mass and radius, their rotation rate, characterized by their moment of inertia, and their deformability, characterized by their quadrupole moment and tidal Love number [1, 2] . Surprisingly, however, we will show here that the moment of inertia, the quadrupole moment and the Love number satisfy a series of universal relations that are independent of the star's internal structure, provided one uses realistic EoSs. We will also show how these relations have important implications to observational astrophysics, gravitational wave detections and experimental relativity.
Some astrophysical observations allow us to infer properties of the EoS of compact stars [3, 4] . For example, the observation of X-ray bursters and low-mass Xray binaries has allowed for the simultaneous determination of the star's mass and radius to O(10)% accuracy [4] . Observations of double NS pulsars, such as J0737-3039 [5] , may allow for the measurement of the moment-of-inertia to the same accuracy [6, 7] . Gravitational wave (GW) observations from binary NS inspirals with second-generation ground-based detectors, such as Adv. LIGO, Adv. Virgo and KAGRA, may allow for the measurement of the tidal Love number [8] [9] [10] .
None of these observations, however, are currently accurate enough to select between the many different EoSs that have been proposed, which then leads to degeneracies in the extraction of information from new observations. For example, GW observations of NS binary inspirals may have difficulty in extracting the individual spins, because these are degenerate with the quadrupole moment for non-precessing binaries [11] . Similarly, GWs from NS binary inspirals cannot be easily used to test General Relativity (GR), again due to degeneracies with the EoS [12, 13] . We here find a way to uniquely break these degeneracies through universal I-Love-Q relations, ie. relations between the reduced moment-of-inertiaĪ, tidal Love numberλ (tid) and quadrupole momentQ, that are essentially insensitive to the star's EoS [14] .
We find two possible reasons why these universal relations hold. First, we find evidence that these quantities depend most sensitively on the star's interior structure close to its outer layer, precisely where our EoS ignorance is minimal and realistic EoSs agree. Second, we find evidence of a certain effacing of internal structure in the I-Love-Q relations; this is different from the GR effacement principle [15] . As compactness is increased, we find that the I-Love-Q relations approach those of an isolated BH, as required by the no-hair theorems [16, 17] .
The I-Love-Q relations have applications in several fields. On an observational astrophysics front, the measurement of a single member of the I-Love-Q trio would automatically provide information about the other two, even when the latter may not be accessible to observation. Such a measurement would provide all the information necessary to describe the exterior properties of tidally-deformed and slowly-rotating NSs and QSs at linear and quadratic order in spin. On a GW front, the I-Love-Q relations would break the degeneracy between the quadrupole moment and the spins in GWs emitted during binary NS inspirals. Given a GW detection from such a source with a second-generation ground based detector, the GW data analysis community may then be able to measure the averaged NS spin to about 0.01 in dimensionless units. On a fundamental physics front, the I-Love-Q relations will allow, for the first time, for tests of GR with NSs or QSs in the strong-field that are EoS independent.
Universal Relations. Consider an isolated, slowlyrotating NS or QS that is described by its mass M * , the magnitude of its spin angular momentum J and angular velocity Ω, its (spin-induced) quadrupole moment Q and its moment of inertia I ≡ J/Ω. Let us introduce dimensionless quantitiesĪ ≡ I/M
2 ), where χ ≡ J/M 2 * is the dimensionless spin parameter [18] . The quantities introduced above have a clear physical meaning: I determines how fast a body can spin given arXiv:1302.4499v3 [gr-qc] 18 Nov 2013 a fixed J; Q encodes the amount of stellar quadrupolar deformation. These quantities are determined by solving the perturbed Einstein equations in a slow-rotation expansion (χ 1) to first and second order in spin, respectively [14, 19] . Given a realistic EoS, such equations must be solved numerically.
The slow-rotation approximation requires that χ be small enough such that all equations can be expanded in χ 1. In this approximation, the neglected corrections to the moment of inertia and quadrupole moment are of O(χ 2 ) smaller than the leading-order contributions. Thus, demanding that any subleading terms be less than 10% of the leading-order ones forces the spin to satisfy χ 0.3, which corresponds to spin frequencies 600 Hz or spin periods 1.7 ms. This implies that "true" millisecond pulsars, ie. those with periods of ∼ 1 ms, cannot be modeled in a slow-rotation expansion. Double NS binary pulsars, however, are expected to be spinning much more slowly, and thus, the slow-rotation approximation would be adequate for them.
In the presence of a companion, a NS or a QS will also be quadrupolarly deformed. The quadrupole moment tensor Q ij determines the magnitude of this deformation and it can be written as Q ij = −λ (tid) E ij , where λ (tid) is the tidal Love number and E ij is the quadrupole (gravitoelectric) tidal tensor that characterizes the source of the perturbation [8, 20] . Let us introduce the dimensionless tidal Love numberλ (tid) = λ (tid) /M 5 * , which physically characterizes the tidal deformability of a star in the presence of the companion's tidal field.λ (tid) can also be calculated by treating the tidal effect of the companion star as the perturbation to the isolated (non-rotating) NS or QS solution [14, 20] .
We here present universal relations betweenĪ,Q and λ (tid) for NSs and QSs that are essentially insensitive to their EoSs [14] . One might have expected these re-
for polytropic EoSs in the Newtonian limit [14] , where C = M * /R * is the compactness parameter, ie. the ratio of the star's mass M * to its radius R * . In the slowrotation and small-deformation approximations, these barred quantities depend on spin only quadratically, and thus, for slowly-rotating stars, the relations are essentially spin-independent. We consider 6 different realistic EoSs for NSs: APR [21] , SLy [22] , Lattimer-Swesty with nuclear incompressibility of 220MeV (LS220) [23] , Shen [24] , PS [25] and PCL2 [26] , and a simple n = 1 polytropic EoS, with p = Kρ 1+1/n . For the LS220 and Shen EoSs, we adopt a temperature of 0.1 MeV and assume they are neutrinoless and in β-equilibrium. For QSs, we consider 3 EoSs: SQM1, SQM2 and SQM3 [26] . We assume the stars are uniformly rotating, with isotropic pressure.
The top panels of Fig. 1 present the NS and QS ILove and Love-Q relations for various EoSs. Observe that these relations hold universally for both NS and QS sequences, essentially independently of their EoSs [27] . A similar universal relation holds betweenĪ andQ [14] . Such relations can be numerically fitted with a polynomial on a log-log scale [14] , shown in Fig. 1 with solid and dashed black curves, namely:
where the coefficients are summarized in Table 1 . The bottom panels of this figure show the fractional errors between the fitted curves and the numerical results. Equation (1) is a numerical fit, because the data in Fig. 1 is itself obtained by numerically solving the Einstein structure equations, which in turn is unavoidable for realistic EoSs. For very simple polytropic EoSs, where the equations of structure can be solved analytically in the Newtonian limit, one can obtain similar universal relations that are purely analytic [14] .
We have found two possible reasons that may explain the I-Love-Q relations. First, we find some evidence that the mathematical relations that define I, λ (tid) and Q depend mostly on the star's internal structure near its outer layer, where our ignorance of nuclear physics is minimal and realistic EoSs agree. For example, the integral that defines I in the Newtonian limit accumulates the most near the surface [14] . This evidence then suggests that the I-Love-Q scaling relations should lose their universality for unrealistic EoSs that modify the star's internal structure near its surface. We have verified this explicitly by computing these relations for NSs with n = 2, 2.5 and 3 polytropic EoSs: the I-Love-Q curves deviate away from those in Fig. 1 as n increases.
The second reason is related to the no-hair theorems of GR. Figure 1 shows that the I-Love-Q relations approach the expected I-Love-Q relations for BHs, ie.Ī → 4, λ (tid) → 0 andQ → 1 [14] . For BHs, all multipole moments of the exterior spacetime are related to the BH mass and spin [28, 29] (e.g. there is a well-known I-Q relation) because of the no-hair theorems [16, 17] . But for NSs and QSs, such relations were thought to not hold due to the lack of no-hair theorems for non-vacuum spacetimes. In spite of this, our results suggest the existence of NS and QS universal relations between I and Q that are similar to those that arise for BHs, and perhaps, hint at the existence of something similar to a no-hair theorem for non-vacuum spacetimes.
The I-Love-Q scaling found here suggests an effacing of internal structure, i.e. the expected internal-structure dependence of the I-Love-Q trio is effectively not there. This is not a consequence of the well-known effacement principle [15] in GR, as the latter applies only to the motion of BHs. The I-Love-Q relations found here relate different multipole components of the exterior gravitational field of isolated bodies and says nothing about their relative motion.
Application to Observational Astrophysics. Double NS binary pulsars have the potential to measure I with 10% accuracy in the near future [6, 7] . The moment of inertia may be measurable because it induces additional periastron precession, as well as precession of the angular momentum vector and the NS spin vectors. The precession of the former translates into a time-dependent inclination angle, while the precession of the latter may force the pulsar beams to sweep in and out of Earth's line of sight. Alternatively, this precession may only cause a change in the observed average pulse shape, as is the case for the Hulse-Taylor binary pulsar, in which case direct measurement may be more difficult.
Given an observed I obs , M obs and Ω obs , the I-Love-Q relations automatically provide the value of λ (tid) and Q. These two quantities would not be easily observable with binary pulsars directly; although Q and λ (tid) do induce additional precession, their effect is suppressed relative to that of I, by various powers of the ratio between the binary's orbital velocity and the speed of light. Of course, the I-Love-Q relations refer to reduced (barred) quantities, which must be appropriately normalized by the mass and spin period. The former differs from the observed mass by quantities of O(χ 2 ), and a small error in the observed mass could induce a large error in derived quantities. Such an error is smaller than the non-universality of the I-Love-Q relations if the NS spin period is much greater than 8.5ms, which is the case for the double pulsar binary and NS binaries in the LIGO band.
Application to GW Astrophysics. Interferometric GW detectors are most sensitive to the GW phase of the signal. For waves emitted during NS binary inspirals, the GW phase contains a term proportional to the NSs' spininduced quadrupole moments, Q 1 and Q 2 , and another term proportional to their tidally-induced quadrupolar deformations λ . The former enters with a factor proportional to v 4 /c 4 [30] , while the latter is proportional to v 10 /c 10 [8] , relative to the leading-order term. Since by Kepler's third law, the orbital velocity is related to the GW frequency via v ∝ f 1/3 , each term has a distinct frequency dependence that in principle makes them non-degenerate.
The NS quadrupole moment is degenerate with the NSs' individual spins, because there is a spin-spin interaction term in the GW phase that enters at the same order in v/c as the quadrupole one [30] . Such a degeneracy may prevent us from simultaneously extracting the quadrupole moment and the individual spins from a GW detection. The Love-Q relation, however, can be used to break this degeneracy, by rewritingQ as a function ofλ (tid) . If the Love number can be measured with a GW detection, then one can also separately measure the spins.
Let us investigate the impact of the Love-Q relation on NS spin determination, by comparing parameter estimation with and without this relation. When using the Love-Q relation, we parameterize the spin-dependent part of the waveform phase with the dimensionless averaged spin χ s and the dimensionless spin difference χ a . When not using the Love-Q relation, we parameterize the phase with the effective spin-parameter β, constructed from a certain combination of the individual spins, which is the leading spin-contribution to the phase. We perform a Fisher analysis to calculate the measurement accuracy of such spin parameters, taking correlations with other parameters (such as NS masses) into account. The solid red line corresponds to the measurement accuracy of β without the NS Love-Q relation, while the other lines correspond to the measurement accuracy of χ s and χ a with the NS Love-Q relation. Observe that ∆β and ∆χ a are almost identical for all systems, since they are dominated by their priors. On the other hand, thanks to the Love-Q relation, one can determine the averaged spin χ s to ∼ 0.01. s Application to Fundamental Physics. Pulsar observations allow for tests of GR [13] in regions of the Universe where the gravitational field is much stronger than in the Solar System [12] . Unfortunately, however, these tests are not effective most of the time because of degeneracies between modified gravity effects and the EoS. The I-Love-Q relations can be used to break this degeneracy and thus allow for EoS-independent tests of GR.
A robust GR test would require at least two independent measurements of any two quantities in the I-Love-Q trio. Given a single measurement of any one of them, the I-Love-Q relations give us what the other two values must be for a NS or a QS in GR. A second independent measurement can then be used as a redundancy test, irrespective of the EoS or whether the star is a NS or a QS. If the two observables do not lie on the I-Love-Q line as predicted in GR, then the observations would indicate a GR deviation. Of course, such tests are effective, provided these measurements have a sufficiently small uncertainty.
As an example, let us assume that a binary pulsar observation has led to a measurement ofĪ to 10% accuracy [6, 7] , while a GW observation has led to a measurement ofλ (tid) to roughly 60% for a system with similar masses [8] [9] [10] 14] . Such a measurement would lead to an error box in the I-Love plane, centered about the measured value, as shown by the shaded region in the left panel of Fig. 3 . In this example, such an observation would be consistent with the GR I-Love relation for NSs and QSs. Any modified gravity theory is then constrained to predict an I-Love relation that runs through this error box. If the modified gravity theory predicts a modified I-Love-Q relation, as non-trivial theories do, this I-Love test would constrain the coupling constants of the theory at scales comparable to the NS's or QS's radius.
Let us consider a specific modified gravity theory: dynamical Chern-Simons (CS) gravity [31] . This theory modifies Einstein's by introducing a gravitational parityviolating interaction through a dynamical scalar field and it is currently constrained only very weakly by known tests and experiments [31] . Figure 3 shows the CS I-Love curves for NSs with a variety of EoSs and a specific value of the CS coupling constant. Observe that these curves are essentially insensitive to the NS EoS. Observe also that the CS I-Love relation for NSs lie above that in GR; this is true regardless of the value of the CS coupling constant. Therefore, in this example, the hypothetical measurement and error box of Fig. 3 would force the CS coupling parameter to be small enough for the CS NS I-Love curve to go through the error box. This would lead to a stringent constraint on the theory, one that is ∼ 6 orders of magnitude stronger [14] than current Solar System tests [32] .
Even if one were not able to measure the moment of inertia in the near future, one can still test GR through the relation between the tidal Love number and the compactness C, as originally found by [2, 9] . Let us then assume again that a GW observation has measuredλ (tid) to roughly 60% [14] and that future low-mass X-ray binary observations have measured C to 5% for a system with similar masses [4] . Such observations would lead to an error box in the Love-C plane, centered about the observed value, as shown by the shaded region in the right panel of Fig. 3 . The NS Love-C relation, however, is dependent on the EoS, as shown by the spread in curves. For NSs, the vertical distance between all curves is much smaller than the error in the measurement of the tidal Love number, making the NS Love-C relation effectively while all the other lines show the same relation in dynamical Chern-Simons (CS) gravity. These measurements would force the CS coupling parameter to be small enough that its I-Love relation falls inside of the error box, leading to a constraint that is 6 orders of magnitude stronger than current Solar System ones. The top axis show the NS mass for the Shen EoS. (Right) Possible error box (shaded region) in the Love-C plane, given two independent observations of the Love number and the NS compactness, shown with a black star. The different curves show the Love-C relation in GR for several EoSs. Observe that the difference between these curves for NSs is smaller than the error box, thus allowing for a generic test of GR. Such a test, however, requires the assumption that the observed object is a NS and not a QS, since the latter has a different Love-C relation.
EoS-independent. The requirement that any Love-C relation goes through this error box could constitute an effectively EoS independent GR test, although not as EoS independent as an I-Love-Q test. Such a test, however, requires the assumption that the object observed is a NS and not a QS, since the Love-C curves are quite different for these two objects, as shown on the right panel of Fig. 3 .
Discussions. The I-Love-Q relations open the door to exciting applications in astrophysics, GW theory and fundamental physics. We have here performed a cursory study of possible applications, but these could be followed up by much more detailed analysis. For example, the measurement accuracy of GW phase parameters was here estimated via a Fisher analysis, but this could be improved through Bayesian methods [33] . One could also extend these tests to GW and binary pulsar systems that do not have exactly the same masses. We have indeed verified that all the applications discussed above are robust, even when all the NS masses (those measured with binary pulsars and those measured with GWs) differ by about 10% [14] .
The analysis of the I-Love-Q relations presented here opens up the road for multiple follow-up studies. For example, one could determine whether these relations hold for NSs and QSs with anisotropic pressure [34] , large internal magnetic fields and rapid rotation [35] . The latter may be particularly important, as differential rotation can produce stars with J/M 2 * > 1 [36] , while the fastest known millisecond pulsars can have spin parameters as large as 0.5, for which a quadratic slow-rotation expansion might not suffice. In fact, relativistic calculations of stellar structure for uniform, very fast rotation show that the quadrupole moment can differ by ∼ 20% from the predictions of the slow-rotation approximation [35] . Fortunately, however, those binary pulsars where the moment of inertia may be detected first will probably consist of slowly-rotating double NSs. These NSs rotate much more slowly than "true" millisecond pulsars, and thus, the slow-rotation approximation would be appropriate. Nevertheless, one could study the rapidly-rotating case by carrying out a fourth-order expansion in slow-rotation (or a numerical study [35] ) and investigating whether higher-order spin terms spoil the universal relations. One could also investigate whether there are universal relations between other quantities, such as the f-and wmodes of NS oscillations [37, 38] ; even if the latter are difficult to observe, such universality may be interesting on theoretical grounds.
